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1. Introduction and Statement of Results
In this paper we strengthen a congruence on the smallest parts function. We recall
that Andrews in [4] defined the function spt (n) as the number of smallest parts in
the partitions of n. This function is known to satisfy many interesting and striking
congruences, we list a few. Andrews proved
spt (5n+ 4) ≡ 0 (mod 5), (1.1)
spt (7n+ 5) ≡ 0 (mod 7), (1.2)
spt (13n+ 6) ≡ 0 (mod 13). (1.3)
The first author proved in [7] for a, b, c ≥ 3 and δa, λb, γc the least nonnegative
residues of the reciprocals of 24 modulo 5a, 7b, and 13c respectively, that
spt (5an+ δa) + 5spt
(
5a−2n+ δa−2
) ≡ 0 (mod 52a−3), (1.4)
spt
(
7bn+ λb
)
+ 7spt
(
7b−2n+ λb−2
) ≡ 0 (mod 7⌊ 12 (3b−2)⌋), (1.5)
spt (13cn+ γc)− 13spt
(
13c−2n+ γc−2
) ≡ 0 (mod 13c−1). (1.6)
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In [11] Ono proved for any prime ℓ ≥ 5 that
spt
(
ℓ3n+ 1
24
)
≡
(
3
ℓ
)
spt
(
ℓn+ 1
24
)
(mod ℓ). (1.7)
The congruence in (1.7) was generalized in [1] by Ahlgren, Bringmann, and Lovejoy
to
spt
(
ℓ2m+1n+ 1
24
)
≡
(
3
ℓ
)
spt
(
ℓ2m−1n+ 1
24
)
(mod ℓm) (1.8)
for m ≥ 1 and prime ℓ ≥ 5. This was accomplished by relating the Hecke operator
T (ℓ2m) to the Hecke operators for lower powers of ℓ. Recently Ahlgren and Kim
in [2] have explained that the congruence in (1.8) and others actually come from
equalities, rather than congruences, between the images of certain mock modular
forms under Hecke operators. This is done by a systematic study of how Hecke
operators transform certain mock modular grids.
To state our results, we first need some definitions. As in [11], [7], [8] we define
a(n) := 12spt (n) + (24n− 1)p(n), (1.9)
for n ≥ 0, and
α(z) :=
∞∑
n=0
a(n)qn−
1
24 , (1.10)
where q = exp(2πiz) and Im(z) > 0. We let χ12 be the primitive Dirichlet character
modulo 12 given by
χ12(n) =


1 if n ≡ ±1 (mod 12)
−1 if n ≡ ±5 (mod 12)
0 otherwise.
(1.11)
The Dedekind eta function is given by
η(z) := q
1
24
∞∏
n=1
(1− qn). (1.12)
As in [6] we set
M(z) := α(24z)− 3i
π
√
2
∫ i∞
−z
η(24τdτ)
(−i(τ + z)) 32 . (1.13)
In [6] Bringmann showed M(z) is a weight 32 weak Maass form on Γ0(576) with
Nebentypus χ12 and that α(24z) is the holomorphic part of M(z).
For a Dirichlet character χ and prime ℓ, we have the weight 32 Hecke operator
Tχ(ℓ
2). We know Tχ(ℓ
2) operates on q-series expansions by
(∑
b(n)qn
)
| Tχ(ℓ2) =
∑(
b(ℓ2n) + χ(ℓ)
(−n
ℓ
)
b(n) + χ(ℓ2)ℓb(n/ℓ2)
)
qn.
(1.14)
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In [11] Ono showed that for ℓ ≥ 5 prime, the operator
Tχ12(ℓ
2)− χ12(ℓ)ℓ(1 + ℓ) (1.15)
annihilates the nonholomorphic part ofM(z). Furthermore, the functionMℓ(z/24)
is a weakly holomorphic modular form of weight 32 for the full modular group, where
Mℓ(z) := M(z) | Tχ12(ℓ2)− χ12(ℓ)(1 + ℓ)M(z)
= α(24z) | Tχ12(ℓ2)− χ12(ℓ)(1 + ℓ)α(24z). (1.16)
Additionally he proved the following two theorems.
Theorem 1.1. (Ono [11]) If ℓ ≥ 5 is prime then the function Mℓ(z/24)η(z)ℓ2 is
an entire modular form of weight 12 (ℓ
2 + 3) for the full modular group Γ(1).
Theorem 1.2. (Ono [11]) If ℓ ≥ 5 is prime then
spt
(
ℓ2n− sℓ
)
+ χ12(ℓ)
(
1− 24n
ℓ
)
spt (n) + ℓspt
(
n+ sℓ
ℓ2
)
≡ χ12(ℓ)(1 + ℓ)spt (n) (mod 3), (1.17)
where
sℓ =
ℓ2 − 1
24
. (1.18)
Theorem 1.2 was conjectured by the first author and the first author extended
this to the following.
Theorem 1.3. (Garvan [8])
(1) If ℓ ≥ 5 is prime then
spt
(
ℓ2n− sℓ
)
+ χ12(ℓ)
(
1− 24n
ℓ
)
spt (n) + ℓspt
(
n+ sℓ
ℓ2
)
≡ χ12(ℓ)(1 + ℓ)spt (n) (mod 72). (1.19)
(2) If ℓ ≥ 5 is prime, t = 5, 7, or 13 and ℓ 6= t then
spt
(
ℓ2n− sℓ
)
+ χ12(ℓ)
(
1− 24n
ℓ
)
spt (n) + ℓspt
(
n+ sℓ
ℓ2
)
≡ χ12(ℓ)(1 + ℓ)spt (n) (mod t). (1.20)
In [3] Andersen considered congruences for various partition related functions
and found the power of 2 in the modulus can vary. For example, with spt1(n)
denoting the number of smallest parts in the overpartitions of n having smallest
part odd, he proved the following congruence.
Theorem 1.4. Let ℓ be an odd prime, and define
α :=


6 if ℓ ≡ 3 (mod 8)
7 if ℓ ≡ 5, 7 (mod 8)
8 if ℓ ≡ 1 (mod 8).
(1.21)
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Then for t ∈ {2α, 3, 5}, ℓ 6= t, and n ≥ 1, we have
spt1(ℓ2n) +
(−n
ℓ
)
spt1(n) + ℓspt1(n/ℓ2) ≡ (1 + ℓ)spt1(n) (mod t). (1.22)
Similar to this, we find the power of 2 in the modulus of (1.19) can be increased
for certain values of ℓ. Specifically, we will prove the following theorem.
Theorem 1.5. Let ℓ ≥ 5 be prime, and define
β :=


3 if ℓ ≡ 7, 9 (mod 24)
4 if ℓ ≡ 13, 23 (mod 24)
5 if ℓ ≡ 1, 11, 17, 19 (mod 24).
(1.23)
Then for n ≥ 1 we have
spt
(
ℓ2n− sℓ
)
+ χ12(ℓ)
(
1− 24n
ℓ
)
spt (n) + ℓspt
(
n+ sℓ
ℓ2
)
≡ χ12(ℓ)(1 + ℓ)spt (n) (mod 2β). (1.24)
The case when ℓ ≡ 7, 9 (mod 24) is already given by (1.19). If we let the gener-
ating function for the spt function be given by
SPT(z) :=
∞∑
n=1
spt (n) qn−
1
24 , (1.25)
then Theorem 1.5 is saying that SPT(24z) an eigenform modulo 2β for the Hecke
operators Tχ12(ℓ
2) with eigenvalue χ12(ℓ)(1 + ℓ).
2. Preliminaries
As in [8], we make use of the following definitions and theorems. For even integers
k ≥ 2 we denote by Ek(z) the normalized Eisenstein series for the full modular
group,
Ek(z) := 1− 2k
Bk
∞∑
n=1
σk−1(n)q
n, (2.1)
where q = exp(2πiz), Bk is the k
th Bernoulli number, and σk−1 is the sum of the
divisors function given by
σk−1(n) :=
∑
d|n
dk−1. (2.2)
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For k > 2, Ek is a modular form of weight k for the full modular group. In particular
the first few Eisenstein series are given by
E2(z) = 1− 24
∞∑
n=1
σ1(n)q
n, (2.3)
E4(z) = 1 + 240
∞∑
n=1
σ3(n)q
n, (2.4)
E6(z) = 1− 504
∞∑
n=1
σ5(n)q
n. (2.5)
We also use Ramanujan’s function ∆(z),
∆(z) := η(z)24 = q
∞∏
n=1
(1− qn)24, (2.6)
and Klein’s modular invariant
j(z) :=
E4(z)
3
∆(z)
= q−1 + 744 + 196884q+ . . . . (2.7)
We make use the standard infinite product notation
(q; q)∞ :=
∞∏
n=1
(1− qn) = q− 124 η(z). (2.8)
By Mk(Γ, χ) we mean the finite dimensional vector space of holomorphic mod-
ular forms of weight k on a congruence subgroup Γ of SL(2,Z) with character χ.
By Sk(Γ, χ) we mean the subspace of cusp forms of Mk(Γ, χ). When χ is the trivial
character, we instead write Mk(Γ) and Sk(Γ).
Next we define the series with which we will work. We define
d(n) := (24n− 1)p(n), (2.9)
so that
∞∑
n=0
d(n)q24n−1 = q
d
dq
1
η(24z)
= −E2(24z)
η(24z)
, (2.10)
a(n) = 12spt (n) + d(n). (2.11)
For ℓ ≥ 5 prime we define
Zℓ(z) :=
∞∑
n=−sℓ
(
ℓ3p(ℓ2n− sℓ) + ℓχ12(ℓ)
(
1−24n
ℓ
)
p(n) + p
(
n+sℓ
ℓ2
))
qn−
1
24 , (2.12)
Ξℓ(z) :=
∞∑
n=−sℓ
(
d(ℓ2n− sℓ) + χ12(ℓ)
((
1−24n
ℓ
)− 1− ℓ) d(n) + ℓd (n+sℓℓ2 )) qn− 124 ,
(2.13)
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Aℓ(z) :=
∞∑
n=−sℓ
(
a(ℓ2n− sℓ) + χ12(ℓ)
((
1−24n
ℓ
)− 1− ℓ)a(n) + ℓa (n+sℓℓ2 )) qn− 124 ,
(2.14)
Sℓ(z) :=
∞∑
n=1
(
spt
(
ℓ2n− sℓ
)
+ χ12(ℓ)
((
1−24n
ℓ
)− 1− ℓ) spt (n) + ℓspt (n+sℓℓ2 )) qn− 124 ,
(2.15)
where sℓ is given in (1.18). We note that
Aℓ(z) = 12Sℓ(z) + Ξℓ(z) =Mℓ(z/24). (2.16)
By (2.15) we see to prove Theorem 1.5 we can instead show
Sℓ(z) ≡ 0 (mod 16) (2.17)
for prime ℓ ≡ 13, 23 (mod 24) and
Sℓ(z) ≡ 0 (mod 32) (2.18)
for prime ℓ ≡ 1, 11, 17, 19 (mod 24).
We need some properties of the series we’ve defined. By Theorem 1.1 and (2.16)
we see that the function
ℓAℓ(z)η(z)∆(z)sℓ ∈M ℓ2+3
2
(Γ(1)). (2.19)
Since ℓ
2+3
2 = 2 + 12sℓ we have the dimension of M ℓ2+3
2
(Γ(1)) is sℓ and the set
{
E4(z)
3n−1E6(z)∆(z)
sℓ−n : 1 ≤ n ≤ sℓ
}
(2.20)
is a basis. By (2.19) and (2.20) we see there exist integers bn,ℓ, for 1 ≤ n ≤ sℓ, such
that
ℓAℓ(z)η(z)∆(z)sℓ =
sℓ∑
n=1
bn,ℓE4(z)
3n−1E6(z)∆(z)
sℓ−n. (2.21)
Next we consider the following result of Atkin.
Theorem 2.1. (Atkin [5])The function Zℓ(z)η(z) is a modular function on the full
modular group Γ(1).
By Theorem 2.1 we know Zℓ(z)η(z) is a polynomial in j(z). In [12] Ono deter-
mines this polynomial by defining a sequence of polynomials Am(x) ∈ Z [x], each
of degree m, by
∞∑
m=0
Am(x)q
m = (q; q)∞
E4(z)
2E6(z)
∆(z)
1
j(z)− x (2.22)
= 1 + (x − 745)q + (x2 − 1489x+ 160511)q2 + . . . . (2.23)
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He then proves the following theorem.
Theorem 2.2. (Ono [12]) For ℓ ≥ 5 prime
Zℓ(z)η(z) = ℓχ12(ℓ) +Asℓ(j(z)), (2.24)
where Zℓ(z) is given in (2.12), and sℓ is given in (1.18).
We define a sequence of polynomials Cℓ(x) ∈ Z [x] by
Cℓ(x) := ℓχ12(ℓ) +Asℓ(x) =
sℓ∑
n=0
cn,ℓx
n, (2.25)
so that Zℓ(z)η(z) = Cℓ(j(z)).
The proof of Theorem 1.5 will start by handling Sℓ(z) through Aℓ(z) and Ξℓ(z).
We have the following theorem for Ξℓ(z).
Theorem 2.3. (Garvan [8]) For ℓ ≥ 5 we have
ℓΞ(z)η(z)∆(z)sℓ =−
sℓ∑
n=0
cn,ℓE4(z)
3n−1∆(z)sℓ−n(24nE6(z) + E4(z)E2(z))
+ χ12(ℓ)(1 + ℓ)E2(z)∆(z)
sℓ . (2.26)
3. The Proof of Theorem 1.5
To start we claim the following congruences hold
E4(z)
8 ≡ 1 (mod 128), (3.1)
E2(x) ≡ E4(z)7E6(z) + 80∆(z) + 32∆(z)2 + 64∆(z)4 (mod 128). (3.2)
The first congruence is clear. The congruence in (3.2) is realized by finding both
sides to be congruent to modular forms of weight 258 and using Sturm’s theorem.
That the right hand side is congruent to a weight 258 modular form on Γ(1) is
immediate. For the left hand side we use the modular form −∑6n=0 2nE258(2nz),
which is a weight 258 modular form on Γ0(64). The power of q specified by Sturm’s
theorem is 2064 and the verification is done in Maple.
We can use this to compute ℓΞℓ(z)η(z)∆(z)
sℓ (mod 128). We also use the fol-
lowing congruences which follow immediately from (2.3), (2.4), and (2.5),
80 ≡ 80E2(z) ≡ 80E4(z) ≡ 80E6(z) (mod 128), (3.3)
32 ≡ 32E2(z) ≡ 32E4(z) ≡ 32E6(z) (mod 128), (3.4)
64 ≡ 64E2(z) ≡ 64E4(z) ≡ 64E6(z) (mod 128). (3.5)
For brevity we suppress the dependence on z. We have
ℓΞℓ(z)η(z)∆(z)
sℓ
=−
sℓ∑
n=0
cn,ℓE
3n−1
4 ∆
sℓ−n(24nE6 + E4E2) + χ12(ℓ)ℓ(1 + ℓ)E2∆
sℓ
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≡−
sℓ∑
n=1
cn,ℓE
3n−1
4 ∆
sℓ−n(24nE6 + 4E6 + 80E4∆+ 32E4∆
2 + 64E4∆
4)
+ (χ12(ℓ)ℓ(1 + ℓ)− c0,ℓ)E2∆sℓ (mod 128)
≡−
sℓ∑
n=1
(24n+ 1)cn,ℓE
3n−1
4 E6∆
sℓ−n −
sℓ−1∑
n=0
80cn+1,ℓE
3n+3
4 ∆
sℓ−n
−
sℓ−2∑
n=−1
32cn+2,ℓE
3n+6
4 ∆
sℓ−n −
sℓ−4∑
n=−3
64cn+4,ℓE
3n+12
4 ∆
sℓ−n
+ (χ12(ℓ)ℓ(1 + ℓ)− c0,ℓ)E2∆sℓ (mod 128)
≡
sℓ∑
n=1
an,ℓE
3n−1
4 E6∆
sℓ−n + a0,ℓE2∆
sℓ
− (32c1,ℓ + 64c3,ℓ)∆sℓ+1 − 64c2,ℓ∆sℓ+2 − 64c1,ℓ∆sℓ+3 (mod 128), (3.6)
where the an,ℓ are integers.
Thus from the (3.6), (2.16), and (2.21) we have
12ℓSℓ(z)η(z)∆(z)
sℓ
≡
sℓ∑
n=1
(bn,ℓ − an,ℓ)E4(z)3n−1E6(z)∆(z)sℓ−n − a0,ℓE2(z)∆(z)sℓ
+ (32c1,ℓ + 64c3,ℓ)∆(z)
sℓ+1 + 64c2,ℓ∆(z)
sℓ+2 + 64c1,ℓ∆(z)
sℓ+3 (mod 128).
(3.7)
However, in 12ℓSℓ(z)η(z)∆(z)
sℓ the lowest possible power of q is sℓ+1, whereas
E3n−14 (z)E6(z)∆(z)
sℓ−n = qsℓ−n + . . . , (3.8)
E2∆
sℓ = qsℓ + . . . . (3.9)
Thus the congruence in (3.7) requires every term with ∆(z)n, for 0 ≤ n ≤ sℓ, to
vanish modulo 128. Hence we have
12ℓSℓ(z)η(z)∆(z)
sℓ
≡ (32c1,ℓ + 64c3,ℓ)∆sℓ+1(z) + 64c2,ℓ∆sℓ+2(z) + 64c1,ℓ∆sℓ+3(z) (mod 128).
(3.10)
We now must determine congruences satisfied by c1,ℓ, c2,ℓ, and c3,ℓ. We recall
the cn,ℓ are given by
sℓ∑
n=0
cn,ℓx
n = ℓχ12(ℓ) +Asℓ(x), (3.11)
where
∑
n=0
Am(x)q
m = (q; q)∞
E4(z)
2E6(z)
∆(z)
1
j(z)− x. (3.12)
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In particular, c1,ℓ is the coefficient of xq
sℓ , c2,ℓ is the coefficient of x
2qsℓ , and c3,ℓ is
the coefficient of x3qsℓ in (3.12).
Proposition 3.1. If ℓ ≥ 5 is prime and ℓ ≡ 1, 11, 13, 17, 19, 23 (mod 24), then
c1,ℓ ≡ 0 (mod 2).
Proof. The coefficient of x in (3.12) is given by
(q; q)∞
E4(z)
2E6(z)
∆(z)
1
j(z)2
=
(q; q)∞ E6(z)∆(z)
E4(z)4
≡ (q; q)∞∆(z) (mod 2)
≡
∞∑
k=−∞
q(3k
2−k)/2
∞∑
m=1
q(2m−1)
2
(mod 2). (3.13)
The coefficient of qsℓ in (3.13) occurs when k and m are integers, m ≥ 1, and
are a solution to
ℓ2 − 1
24
=
3k2 − k
2
+ (2m− 1)2, (3.14)
ℓ2 = (6k − 1)2 + 6(4m− 2)2. (3.15)
We consider the binary quadratic form
f(x, y) = x2 + 6y2. (3.16)
We see that f(x, y) has discriminant −24. Computing the Legendre symbol we find
for ℓ prime that (−24
ℓ
)
=
{
1 ℓ ≡ 1, 5, 7, 11 (mod 24)
−1 ℓ ≡ 13, 17, 19, 23 (mod 24). (3.17)
First we consider ℓ prime such that ℓ ≡ 13, 17, 19, 23. Since (−24ℓ ) = −1, we
know f(x, y) does not represent ℓ2 with x and y relatively prime. Thus f(x, y) only
represents ℓ2 when (x, y) = (±ℓ, 0), and so there are no solutions to (3.15) with m
an integer. That is, for prime ℓ ≡ 13, 17, 19, 23 (mod 24), we know c1,ℓ to be even.
For the rest of the proof we only consider ℓ prime such that ℓ ≡ 1, 11 (mod 24).
Here it is the case that f(x, y) represents ℓ2 with x and y relatively prime. We will
show that in these cases the substitution
4m− 2 = y (3.18)
also does not give an integer value for m.
The only other primitive form of discriminant −24 is given by
g(x, y) = 2x2 + 3y2. (3.19)
A computation shows that g(x, y) is never congruent to 1 (mod 24) and so g does
not represent ℓ2. Since
(
−24
ℓ
)
= 1 we have by Corollary 4.1 of Sun and Williams
[15] that ℓ2 is represented exactly six times by f(x, y). These six representations
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are from (x, y) = (±ℓ, 0) and (x, y) = (±x0,±y0) where x0, y0 are positive and
relatively prime integers. We will show the binary quadratic form h, given by
h(x, y) = x2 + 96y2, (3.20)
also represents ℓ2 six times. With this we would know y0 ≡ 0 (mod 4) and so the
substitution in (3.18) does not give an integer value for m.
We let (a, b, c) denote the binary quadratic form ax2 + bxy + cy2 and [a, b, c]
denote the equivalence class of binary quadratic forms equivalent to (a, b, c).
The discriminant of h(x, y) is d = −384. The primitive forms of discriminant
−384, including h, are given by
(1, 0, 96), (3, 0, 32), (4, 4, 25), (5, 4, 20), (5,−4, 20), (7, 6, 15), (7,−6, 15),
and (11, 10, 11). (3.21)
By Corollary 4.1 of [15] we know that altogether the forms in (3.21) represent ℓ2
six times total. However, a computation shows that (3, 0, 32), (5, 4, 20), (5,−4, 20),
(7, 6, 15), (7,−6, 15), and (11, 10, 11) are never congruent to 1 (mod 24), hence these
forms cannot represent ℓ2. The only remaining forms are then (1, 0, 96) and (4, 4, 25).
Since
(
−24
ℓ
)
= 1 we do know at least one of the forms in (3.21) represents ℓ.
In the case ℓ ≡ 1 (mod 24), we know (1, 0, 96) or (4, 4, 25) must represent ℓ.
However Dirichlet composition gives [4, 4, 25]2 = [1, 0, 96] and so regardless of which
form represents ℓ, Theorem 5.1 of [15] gives that (1, 0, 96) represents ℓ2 six times.
In the case ℓ ≡ 11 (mod 24), we find that of the forms in (3.21) only (3, 0, 32)
and (11, 10, 11) are ever congruent to 11 (mod 24), so it must be one of these two
forms that represents ℓ. Here Dirichlet composition gives [3, 0, 32]2 = [1, 0, 96] =
[11, 10, 11]2. In particular the forms (3, 0, 32) and (11, 10, 11) both represent ele-
ments of order two in the class group and [4, 4, 25] is a power of neither. By Theorem
5.1 of [15] we have then that (4, 4, 25) does not represent ℓ2. Thus all representations
of ℓ2 must be from x2 + 96y2.
Since h(x, y) represents ℓ2 six times, the six representations of ℓ2 by f(x, y) must
have y ≡ 0 (mod 4) and so the substitution in (3.18) does not give an integer value
for m. Hence there are no integer solutions to (3.15) and so c1,ℓ is even in the cases
of ℓ ≡ 1, 11 (mod 24) as well.
That the form x2 + 96y2 represents ℓ2, with x and y non-zero, for ℓ ≡ 11
(mod 24) has also been proved and used in [13], [14] by Ono and Penniston as part
of obtaining a formula for the number, modulo 8, of partitions of n into distinct
parts.
Proposition 3.2. If ℓ ≥ 5 is prime and ℓ ≡ 1, 5, 11, 17, 19, 23 (mod 24), then
c2,ℓ ≡ 0 (mod 2).
Proof. The proof is similar to the previous proposition and so we omit some of the
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details. The coefficient of x2 in (3.12) is given by
(q; q)∞
E4(z)
2E6(z)
∆(z)
1
j(z)3
=
(q; q)∞E6(z)∆(z)
2
E4(z)7
≡ (q; q)∞∆(z)2 (mod 2)
≡ (q; q)∞ q2
(
q16; q16
)3
∞
(mod 2)
≡
∞∑
k=−∞
q(3k
2−k)/2
∞∑
m=0
q8m
2+8m+2 (mod 2). (3.22)
The coefficient of qsℓ in (3.22) occurs when k and m are integers, m ≥ 0, and
are a solution to
ℓ2 − 1
24
=
3k2 − k
2
+ 8m2 + 8m+ 2, (3.23)
ℓ2 = (6k − 1)2 + 3(8m+ 4)2. (3.24)
We consider the binary quadratic form
f(x, y) = x2 + 3y2. (3.25)
We see that f(x, y) has discriminant −12. Computing the Legendre symbol we find
for ℓ prime that (−12
ℓ
)
=
{
1 ℓ ≡ 1, 7, 13, 19 (mod 24)
−1 ℓ ≡ 5, 11, 17, 23 (mod 24). (3.26)
This proves the proposition for ℓ ≡ 5, 11, 17, 23 (mod 24), however we still must
handle the cases ℓ ≡ 1, 19 (mod 24).
We note that f(x, y) is the only primitive form of discriminant −12. We also use
the primitive form h(x, y) = x2 + 192y2 of discriminant −768. The primitive forms
of discriminant −768 are given by
(1, 0, 192), (3, 0, 64), (4, 4, 49), (7, 4, 28), (7,−4, 28), (13, 8, 16), (13,−8, 16),
and (12, 12, 19). (3.27)
Again by using Corollary 4.1 and Theorem 5.1 of [15] we find there are six rep-
resentations of ℓ2 by f(x, y) and these correspond to six representations by h(x, y).
We then know the representations of ℓ2 by f(x, y) have y ≡ 0 (mod 8) and so
there are no integer solutions to (3.24). Hence c2,ℓ is even in the cases of ℓ ≡ 1, 19
(mod 24) as well.
Proposition 3.3. If ℓ ≡ 1, 11, 17, 19 (mod 24) then c1,ℓ + 2c3,ℓ ≡ 0 (mod 4).
Proof. The coefficient of x in (3.12) is given by
(q; q)∞
E4(z)
2E6(z)
∆(z)
1
j(z)2
, (3.28)
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whereas the coefficient of x3 in (3.12) is given by
(q; q)∞
E4(z)
2E6(z)
∆(z)
1
j(z)4
. (3.29)
We note that
(q; q)∞
E4(z)
2E6(z)
∆(z)
1
j(z)2
+ 2 (q; q)∞
E4(z)
2E6(z)
∆(z)
1
j(z)4
=
(q; q)∞E6(z)∆(z)
E4(z)4
+ 2
(q; q)∞E6(z)∆(z)
3
E4(z)10
≡ (q; q)∞∆(z) + 2 (q; q)∞∆(z)3 (mod 4). (3.30)
Thus c1,ℓ + 2c3,ℓ modulo 4 is the coefficient of q
sℓ in
(q; q)∞∆(z) + 2 (q; q)∞∆(z)
3. (3.31)
We suppose the series expansion of (3.31) is give by
(q; q)∞∆(z) + 2 (q; q)∞∆(z)
3 =
∞∑
n=1
a(n)qn = q + . . . . (3.32)
As in [10], the Shimura lift of a half integral weight modular form is given as
follows. Suppose that g(z) =
∑∞
n=1 b(n)q
n ∈ Sλ+ 1
2
(Γ0(4N), χ) and λ ≥ 2, then
St,λ (g(z)) ∈ S2λ(Γ0(2N), χ2) where
St,λ (g(z)) :=
∞∑
n=1
Bt(n)q
n, (3.33)
Bt(n) :=
∑
d|n
ψt(d)d
λ−1b
(
tn2
d2
)
, (3.34)
and ψt is the Dirichlet character defined by ψt(n) = χ(n)
(
−1
n
)λ ( t
n
)
.
Consider
g(z) := η(24z)∆(24z)E64(24z) + 2η(24z)∆(24z)
3, (3.35)
this is a weight 36 + 12 modular form on Γ0(576) with character χ12. We suppose
the q-series expansion of g is
g(z) =
∞∑
n=1
b(n) = q25 + . . . . (3.36)
We recall that sℓ =
ℓ2−1
24 and so comparing the coefficients in (3.32) and (3.36)
we have
b(ℓ2) ≡ a(sℓ) (mod 4). (3.37)
Thus to prove the proposition, we can instead prove
b(ℓ2) ≡ 0 (mod 4) (3.38)
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for primes ℓ ≡ 1, 11, 17, 19 (mod 24).
Now we consider the t = 1 Shimura lift of g(z), say
S1,36 (g(z)) =
∞∑
n=1
B(n)qn. (3.39)
The B(n) are given by
B(n) =
∑
d|n
ψ1(d)d
35b
(
n2
d2
)
, (3.40)
where
ψ1(n) = χ12(n)
(−1
n
)36(
1
n
)
. (3.41)
For ℓ prime we have
B(ℓ) = ψ1(1)b(ℓ
2) + ψ1(ℓ)ℓ
35b(1)
= b(ℓ2), (3.42)
noting that b(1) = 0. We will show
B(n) ≡ 0 (mod 4), (3.43)
for all n ≡ 1, 11, 17, 19 (mod 24). This will then prove (3.38).
We define
g1(z) := η(24z)∆(24z), (3.44)
g2(z) := 2η(24z)∆(24z)
3. (3.45)
So g(z) ≡ g1(z) + g2(z) (mod 4) and since d11 ≡ d35 (mod 4) we have
S1,36 (g(z)) ≡ S1,12 (g1(z)) + S1,36 (g2(z)) (mod 4). (3.46)
For a given modular form f(z) =
∑
a(n)qn we let f ⊗ χ denote the twist of f
by a Dirichlet character χ,
f(z)⊗ χ =
∑
χ(n)a(n)qn. (3.47)
If f ∈ Sλ(Γ0(N), ψ), and χ is a character modulo m, then as in [10] we know
f ⊗χ ∈ Sλ(Γ0(Nm2), ψχ2). Furthermore, By Lemma 4.3.10 of [9], if ψ has conduc-
tor mψ, χ is a primitive character of conductor mχ, and M is the least common
multiple of N , m2χ, and mχmψ, then in fact f ⊗ χ ∈ Sλ(Γ0(M), ψχ2).
We claim
S1,12 (g1(z)) ≡η(2z)12η(3z)24η(6z)12 ⊗ χ12
− η(2z)24η(3z)24 ⊗ χ12 (mod 4). (3.48)
By Theorems 1.64 and 1.65 of [10] we know η(2z)12η(3z)24η(6z)12 and
η(2z)24η(3z)24 are elements of S24(Γ0(6)). Since χ12 is a primitive character with
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conductor 12 we know the right hand side of (3.48) is an element of S24(Γ0(144)).
By Theorem 1 of Yang [16] it turns out S1,12 (g1(z)) is in fact also a cusp form on
Γ0(6) twisted by χ12. Thus S1,12 (g1(z)) is an element of S24(Γ0(144)) as well. To
verify the congruence in (3.48) we need only verify it holds out to the power of q
given by Sturm’s theorem, which is 576. This verification is done in Maple.
Next we claim
S1,36 (g2(z)) ≡2η(z)2η(2z)2η(3z)10η(6z)130 ⊗ χ12
+ 2η(z)η(2z)7η(3z)5η(6z)131 ⊗ χ12
+ 2η(z)η(2z)−5η(3z)5η(6z)143 ⊗ χ12
+ 2η(z)−19η(2z)−1η(3z)25η(6z)139 ⊗ χ12
+ 2η(2z)24η(3z)120 ⊗ χ12
+ 2η(z)−31η(2z)−1η(3z)37η(6z)139 ⊗ χ12
+ 2η(2z)132η(3z)24η(6z)−12 ⊗ χ12 (mod 4). (3.49)
Again by Theorems 1.64 and 1.65 of [10] we know the right hand side of (3.49) is
an element of S72(Γ0(144)). Again by Theorem 1 of [16] we know S1,36 (g2(z)) to
also be an element of S72(Γ0(144)). To verify the congruence in (3.49) we need only
verify it holds out to the power of q given by Sturm’s theorem, which is 1728. This
verification is done in Maple.
For a modular form f(z) =
∑
a(n)qn we consider
P (f(z)) =
∑
n≡1,11,17,19 (mod 24)
a(n)qn. (3.50)
We let ψ2 denote the unique character modulo 2, ψ3 the unique primitive character
modulo 3, and ψ8 the primitive character modulo 8 given by
ψ8(n) =
{
1 n ≡ 1, 3 (mod 8)
−1 n ≡ 5, 7 (mod 8). (3.51)
With this we find that
P (f(z)) =
1
2
f(z)⊗ ψ2 ⊗ ψ3 ⊗ ψ3 + 1
2
f(z)⊗ ψ2 ⊗ ψ3 ⊗ ψ3 ⊗ ψ8. (3.52)
We recall that we’re trying to show P (S1,36 (g(z))) ≡ 0 (mod 4). We define a
modular form h in S72(Γ0(6)) by
h(z) =2η(z)2η(2z)2η(3z)10η(6z)130
+ 2η(z)η(2z)7η(3z)5η(6z)131
+ 2η(z)η(2z)−5η(3z)5η(6z)143
+ 2η(z)−19η(2z)−1η(3z)25η(6z)139
+ 2η(2z)24η(3z)120
+ 2η(z)−31η(2z)−1η(3z)37η(6z)139
+ 2η(2z)132η(3z)24η(6z)−12
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+ E124 (z)η(2z)
12η(3z)24η(6z)12
− E124 (z)η(2z)24η(3z)24. (3.53)
In particular by (3.46), (3.48), and (3.49) we have
S1,36 (g(z)) ≡ h(z)⊗ χ12 (mod 4). (3.54)
We see that if P (h(z)) ≡ 0 (mod 4) then P (h(z) ⊗ χ12) ≡ 0 (mod 4), and so in
turn we would have P (S1,36 (g(z))) ≡ 0 (mod 4). Thus to prove the proposition it
is sufficient to prove
P (h(z)) ≡ 0 (mod 4). (3.55)
By (3.52) and (3.53) we see that P (h(z)) is an element of S72(Γ0(576)). To verify
the congruence in (3.55) we need only verify it holds up to the power of q specified
by Sturm’s theorem, which is 6912. This verification is done in Maple and completes
the proof of the proposition.
By Propositions 3.1, 3.2, 3.3 and (3.10) we have
12ℓSℓ(z)η(z)∆(z)
sℓ ≡ 0 (mod 64) for ℓ ≡ 13, 23 (mod 24), (3.56)
12ℓSℓ(z)η(z)∆(z)
sℓ ≡ 0 (mod 128) for ℓ ≡ 1, 11, 17, 19 (mod 24). (3.57)
Therefore Sℓ(z) ≡ 0 (mod 16) for ℓ ≡ 13, 23 (mod 24) and Sℓ(z) ≡ 0 (mod 32) for
ℓ ≡ 1, 11, 17, 19 (mod 24). This completes the proof of Theorem 1.5.
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